We consider the asymptotic behavior of the solution of one dimensional stochastic differential equations and Langevin equations in periodic backgrounds with zero average. We prove that in several such models, there is generically a nonvanishing asymptotic velocity, despite of the fact that the average of the background is zero.
Introduction
We will discuss below four models of diffusing particles in one dimension with drift periodic in space of zero average. In increasing order of difficulties, these models are a diffusion with time periodic drift, a system of coupled diffusions with drift constant in time, a Langevin dynamics with drift periodic in time and finally a pair of coupled Langevin dynamics with drift constant in time.
These model equations and related ones have recently appeared in many models like molecular motors, population dynamics, pulsed dielectrophoresis, etc.
Molecular motors have been proposed to explain the motion of proteins inside the cells along filaments or tubular structures. These biomolecular transport phenomena are at the root of some important mechanical behaviors of cells like contraction of muscles or the deformations taking place in cell division. These motors transform chemical energy into mechanical energy at ambient temperature. Simple ratchet models have been proposed which lead to transport in periodic landscape although more natural models in biological contexts are based on two chemical states systems, as for example in the famous work of A. F. Huxley relating muscle contraction to hydrolysis of ATP. We refer to [7, 10, 12, 15, 17] for more detailed expositions of these biological models.
In the case of pulsed dielectrophoresis, one switches periodically on and off a potential which is periodic in space. Chemical species with different diffusion coefficients acquire different speeds and can be separated by this method. We refer to [2] for more details on this setup.
There are many other applications of similar models and we refer the reader to the very complete review [15] and to [6] for details and references.
We now describe more precisely the equations and the results. In the first model we consider the one dimensional diffusion problem
where b is a regular (C 1 ) function periodic of period T in the time variable t ∈ R + and of period L in the space variable x ∈ R. We assume that the initial condition u(0, x) is non-negative and of integral one with |x|u(0, x) integrable, and denote by u(x, t) the solution at time t. Note that the integral of u with respect to the space variable x is invariant by time evolution, and the integral of xu(x, t) remains finite (see Lemma 1).
One of the striking phenomena is that even if the drift has zero average, this system may show a non-zero average speed. There are many results on homogenization theory which can be applied to Eq. (1), see for example [4, 13] , and references therein.
These results say that the large time asymptotic is given by the solution of a homogenized problem. It remains however to understand if this homogenized problem leads to a non-zero asymptotic averaged velocity. For this purpose we will consider the quantity
which describes the asymptotic average displacement of the particle per unit time (provided the limit exists).
Our first theorem states that the average asymptotic velocity is typically non-zero. Note that the drift b depends on the space variable x and the time t. We denote by C k b (R d ) the set of functions on R d with bounded and continuous first k derivatives.
